EQUIVALENCE OF CERTAIN TYPES OF RHEOLOGICAL EQUATIONS
OF STATE OF FLOWING POLYMER MEDIA.
IT. ANALYSIS OF SPECIFIC MODELS

B. M. Khusid UDC 532.135

Tt is shown that many present rheological models reduce to the form of the equa-
tions of a generalized Maxwellian liquid.

The conditions under which the rheological equations of the relaxational and integral
type can be reduced to the form of the generalized Maxwellian liquid with a symmetrical Bg
tensor were established in [I]. In this paper, it is shown that these conditions are satis-
fied for many rheological equations, formulated in the literature. We are not attempting to
cover all of the papers concerned with a development of rheological equations, but we shall
limit ourselves to a number of modern models, illustrating the different dependences of the
quantities g, @g Bp in (17') and (17") [1] on the deformation parameters. The physical
hypotheses, adopted in constructing the models, will be reflected in the nature of the ex-—
pressions for %4 Qg Bp . Many rheological equations are constructed by generalizing the one-
dimensional mechanical models, consisting of "springs" and "pistons" [2-5], to a three-
dimensional form, invariant relative to the coordinate system used. The rheological equations,
based on the mechanical Maxwell models, in general form are written as follows [2]:

T = 3 To, To+ AoFapeTo = 21,D, (1)
o

where the linear operator Fgpe [2], constructed by starting from the gight-constant Oldroid
model, is the most general derivative of the symmetrical tensor FgheT = T + a(TD + DI) +

bEtr TD + cDtr T. Substituting into Eq. (1) T& =T, + (b/2a)E tr T, and taking into account
the fact that the stress tensor is determined to within an isotropic quantity, we arrive at

the equivalent rheological model T:::}ST@, where Ty is determined from equations (17'), (17")
¢4
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In deriving relations (2), we used the expression Y -+ . tr T, = — 2atr T,D obtained
oL

from (1). As is evident from (2), the parameters b and c enter only in the form of the com-
bination b + ¢ + 3bc/2a. The particular cases of Eq. (1) are: a MaXWell%an liquid with a

spectrum of relaxation times from the upper (@ = —1, b =c =0, w, = le(T)) or lower (a = 1,
b=c¢=0, ws = Ft(r)) convective derivatives, the Johnson-Segalman [6] model with nonaffine
deformation {(a is interpreted as the parameter for slipping of the lattice, b = ¢ = 0),
Spriggs' model [2-5] (o are integers, Ay = A/aP, na::1ﬁmﬁqﬁL ¢(f) is the Riemann zeta function,
a=—(1 +¢€),b=2/35(1 +¢), c =0, the relation b/a = —2/3 is taken so that trTy = 0). The
relation between the relaxational and integral equations is established for a Maxwellian
liquid by Lodge [7], while for the Johnson—Segalman model, the relation is established in [6].
It is interesting to note that for (2) the tensor wl corresponds to the tensor introduced in

g
[6]. For a =Db =c =0, Eq. (1) gives a Maxwellian liquid with a Jaumann derivative. Let us
examine in greater detail the transition @ -+ 0 for b = ¢ = 0 in the integral equation (18)
from [1]. We shall seek the solution of Eq. (14) [1] in the form w = wo — awoS + 0(a?),
Wo|t= = E, S|;=¢ = 0. Substituting this expression into (14) [1] gives
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From the second equation in (3) and the initial condition for it at t = t, it follows that
the tensor S is symmetrical. As shown above (see (22), [1]), wE-wo = E. For this reason,

Hnl~£(an)——E)::-—4S(h t). Thus, for a Maxwelli?n liquid with a Jaumann derivative the inte-
a0 @ .
" 2 _ \ A
gral equation is written as follows: T=— E S ﬁf exp (——t v }S(L tydt . Integrating
e "

—o0

this expression by parts, we arrive at the integral relation derived in [5, 8, 9]. The rheo-
logical equations, based on the mechanical Jeffries model, are written in general form [2-5]:

— P Tor T+ MoFap, To = 2 (D 4 Ao Faso D). (4)
o

The last term in the operator Fgpe 1s absent on the right side of (4), since trD = For

0
_ _ . . . . B AN Ao
a1 = az = a, just as in (1), Eq. (4) is reduced to the equivalent model T=2{ > n, . .
¢4 ic

_ ‘ 1
D-+-2§TQ, where Ty is determined from the system (17), (17") [!] for x.= o QPq =

[ oL

— M+( +01+'§£ﬂ>t rT,D + Aataa, (l—l—éci) (bi—b.z)trDZ], p=1, and B;=aD.
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The quantity :gﬂa%m/km is the limiting value of the shear viscosity for "fast" actions, for

p .

example, y =+ © in stationary and w > « in oscillating shear flows. For a;%a,, Eq. (4) does
not reduce to (17'), (17") [I], which is related to the breakdown of the necessary condition
for the transition. The following models are particular cases of Eq. (4) with a: = a. [4, 5]:
the three-constant Oldroid (¢ = -1, by = b, = 2/3, ¢; = 0) and Williams (¢ = —1, by = b = 2W,
ci1 = 0). For calculations of flows in which the main rheological factor is the dependence of
the properties on the deformation, a modification of the equations of a Maxwellian liquid with
an upper convective derivative and a single relaxation time, obtained by introducing
empirical equations for the dependence of the viscosity and relaxation time on the deforma-

tion rate tensor A= F,(Ilp), m = F,(IIp) [3-5], where IID—-——-ltrDZ, is used. This model corre-
sponds to the differential (17') [1] and integral (19) [I] equatlons with %= 1/F;, p= ~q7-
~F,2/F., B ==D. Sometimes the condition G = n/A = const is added; then F, = GF;. More com~

plicated models are the integral models (18) and (19) in [1], in which %4 ®¢ in (18) [1] and
xa,ﬁh in (19) [1] depend on the deformation rate tensor, In general form, they are written
as follows: B =1, 2, % = l/kfggﬁa(HD) P = Npal per (IID)/?»W, B,=—D,B,=D. In models of the
type (19) [1], similar equations are used for uxs, and @s,. For them, py depends only on the

instantaneous value of IIp. In most cases, Nig = Moy, Aig = Mgy Zia = Doas ﬁa::/1—+-{; for foa =

\

—(e/2)fy. The quantity e, which depends on IIp, is proportional to the ratio of the second and
first differences of the normal stresses in a stationary shear flow. The models are distin-
guished only by the choice of e and equations for fy, g¢, Na, r¢- In a number of cases, the
viscosity of the solvent is taken into account and 2ngD is added to the integral relation

(19) [1}]. In recent years, there has been an intense development of the relaxation models
with characteristics depending on the stress tensor. Usually the dependences are taken as
functions of the quantity Eg = (1/2)trTg, which is interpreted as the elastic energy of the
Gaussian lattice. Such models require only several adjustable parameters in order to describe
satisfactorily polymer media both in shear and in elongational flows. In [I10], the following

model is proposed: T =2T,, T, -+ 2,G, (Ta/G,) = 24,G,D, A, Dxq =1 —xq—axyV E/G,, Gy = Gooxg,

hoq = MaXe > where a is an adjustable parameter; n = 1.4; (V) is the upper convective derivative
[2]. By introducing pa = ~Goaxa, this model reduces to the system (17'), (17") [i] with B =

I, By = D, Py = _‘P(x/xa, %a:_(Q—I‘GOO/pa'l“aV'— ’pca) Ay —}"Oa( poc/Ganz . In [I1], an equa-

tion of the Maxwell liquid type with an upper convective derivative and a single relaxation
time, constructedstarting from an examination of the dynamics of a two-centered dumbbell, is
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modified by introducing the dependences A and n as a function of the quantity (tr & — 1),
where the tensor £ characterizes the stretching of the macromolecules. In this case, the
shear modulus G is assumed to be constant. The rheological equation [I11] for the excess
stress tensor T = 3 G§ reduces to Eq. (17') [1] witha =8 =1, »x = 1/A, p = -G, B, = D,

A = F(2 E/3 G), where the function F is determined from the experimental data. In [12], the
equation for the Maxwellian liquid with the upper convective derivative is also modifed by
taking into account the dependences of Ay and nyg on E,; Gy is assumed to be constant. This
model is written in the form (17') [1] with %= 1/Agq, B = 1, By =-D, pa = ~CGa, Ag = Aoa €XP

(1/fq — 1/foq), fq = foq + aEy/Gy. Here, fy is the volume fraction of the free volume; a is
an adjustable parameter. In [13], this model was developed further. It is assumed that fy
Df,, E

D :bHQEﬁ-—(fGL——fO), G, = H A, Inky, H=H()y) , where H(A) is the spectral func-

tion, b is an adjustablemparameter, and the discretization of the spectrum is carried out by
separating it into intervals Aglo. In [14], starting from the kinetic theory of a rearrang-
ing lattice developed in [I5], a model is constructed in which both the dependence of the re-
laxation time Ay on the stress tensor (Y(Ty)) and slipping (the parameter £ depending on IIp)
of the lattice relative to the medium are taken into account. The shear modulus is assumed

relaxes: A,

to be constant. This model corresponds to Eqs. (17'), (19) [I] with g =1, By, = —(I — £)D,
%e=Y(Ta) /Ae, 9o=0Gq/(1—E) . In this model, the tensor wg coincides with the tensor in the
Johnson—Segalman model [6]. Two equations are proposed for the function Y: Y = 1+ eEy/Gy,

Y = exp (gEq/Gy). The quantity & is found from the relation of the second and first differ-—
ences of the normal stresses with a stationary shear flow, while € is found from data on the
viscosity with uniaxial stretching. The rheological models examined above correspond to the
Kaye's type integral equation with parameters depending on the stress tensor. Since for an

incompressible liquid the stress tensor is determined to within an isotropic term, it is pro-
posed in [16] that the dependence of rheological parameters on Q: and Qz, independent of the

isotropic term, be given: @, = I3 — 3ll, Q, = 213 9,11y 42711, Iy=t&T, Il = —;— (tr2 T — tr T?),

II1q = det T. Models proposed in [17, 18] also are of the same type. For them in (18) [I],
B =1, By =D, %y = 1/Aafa Pa = Nufu/Ae. In [17], the functions gy, fg depend on the second
invariant IIl7g. It is shown in [18] that the best agreement with experimental data is

achieved when the dependence of gy, fu on E is introduced. Up to the present time, a large
number of papers have been published in which a microscopic approach is used to study the
dynamics of viscoelastic liquids. In these papers, various modifications of the Kargin—
Slonimskii—Rauz model are used, in which the macromolecule is modelled as a collection of
particles connected by springs and submerged in a Newtonian liquid. Although this approach
is essentially phenomenological, it leads to many important results. Reviews of investiga-
tions along microscopic lines are given in [3, 4, 19]. As is well known, these models lead
to equations of a Maxwellian liquid with an upper covariant derivative, a discrete spectrum
of relaxation times, and constant coefficients in the equations. This rheological model does
not give a correct description of a viscoelastic liquid with large deformations, which is
essentially relatéd to the assumption of linearity of the springs connecting the particles.
Taking into account the unlimited growth in the rigidity of the springs with total stretching
of the macromolecules, as follows from a molecular theory, eliminates this shortcoming. The
nonlinearity of the interaction forces between particles greatly complicates the problem and
this factor is predominantly analyzed only for two particles: dumbbells, which leads to a
single relaxation time. In contrast to most papers investigating the behavior of a dilute
solution of dumbbells in shear and elongational flows, the approximation of a slow flow, and so
forth, rheological equations are obtained in [20-23] for such a medium. The approach in [20,
21] is based on a system of equations for diffgrent moments of the distribution function of
dumbbells with respect to length and direction b. Starting from the reasonable physical hypo-
thesis that this distribution is close to a delta function, all moments are expressed in
terms of the quantities <bibj>. As a result, a rheological equation is obtained that is
valid for an arbitrary flow. Rheological models, obtained in [20-22], can be written as fol-

0
lows: T' = 2ngD + Tp; a, b, ¢, andddepend on Ep ==—é¢r1};(an)—-b(DTp4-TpD)%—ch::dE . By

introducing T = Tp + pE, these models reduce to the form (17'), (17") [1], with B::-—-E—D,
a
o4, o1 4 ,%2,1,[ 20’5 tr TD 3a’d + ca ] For the models in [20, 21]
a 2 dE, 2| a-+a ({rT—3p) a-ta (tr T—3p)
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trT — 3p

a=b, I/a=K( + ZEP/A); then %:CK[1+T]2~ 3dK7}<1+

teT—3p ) —2 1.

A A

In [23], a rheological equation is derived by expanding the distribution function of
dumbbellsin a series with respect to the quantity e, characterizing the small nonlinearity
of the springs. In the first approximation,in e (X, G, € are the dumbbell parameters): T' =

v
29D+ Ty, Ty =GCGlete(atra+20%) —E], a4 iete(atra+2e2)-=E . ImxmmdngT:G[a+

a(atra-+-2a2)+—-i-ar2a-—¢ra2)E + pE and eliminating the tensor a, we arrive, up to terms of
2

1 3
order £?, at the system (17'), (17") [1] with %'2—%—{1—78—}——258—(tr1"~5p)], (P:_}»—{l -]-_——GS .
‘ 1 : \ 3e %
trT—3p) + —— | — (tr T2 — tr2T)— 3p2 + 2p4r T+ 4 (tr TtrTD — tr T2D — trTD}(, B—__pt St q_ 2
(t P+ [ 5 )—3p*+2p ( pirTD) i Y G

(TD +DT —Dtr T - yD).

As in the case of Zimm's model [3, 4, 19], rheological equations of a dilute solution
of dumbbells withnonlinear springs coincide in form with the rheological equations derived
from the lattice theory. However, this correspondence is formal. A unique approach to con-
structing a rheological model, based on nonequilibrium thermodynamics, is developed in [24].
This model includes an equation that expresses the elastic potential W in terms of the in-—
variants of the deformation tensor C. For the Mooney—Rivlin potential W = ulIg— 3 + a(Iig —
3)], the model in [24] with a single relaxation time is written as (qn = const, det C = 1):

T'= 21D 4- 2uC — 2pa C, %+2Cep:0, ep=q[0~c‘1+—;(llc——lc)EJ » §(C) = goexp [—13(1+a)ﬁ(lc+

Hc——GX}. By introducing T; = 2uC + p;E énd T, = —2auC~*' + p.E, this model is reduced to

: . , 2 T—pE
Eqs. (17'), (17") [1] with By=—D+ LT, », =2 ge— B o —45u qi:q<i_£‘_),
2u 3 B 2w

9o o 2 T,—p.E _

B,=D-- 9 Ty, #y= 7:8> + 2P s Py = —4gou, g, = Q(j—*ﬁ?— . 1= H(Tx—p,E)/m — Ir,—pEy/2m » S =
QL 3 aw 2ap

— Ilr,—p.By/ 208 — L(Ty-pEy/20p - Starting from these rheological equations with the conditions p,/

' T, — Ty — pE
2u > -1, p2/2ua > 1 for t - —o, it can be shown that det(—i—élﬁg—>:= I, (-—3§~Ez—~)-
T, — U o
(——LE—BL—- =-—E . The model in [24] with a spectrum of relaxation times reduces to the form
n

(17%), (17") [1] by transformations similar to the case involving a single relaxation time.
The analysis carried out above shows that many rheological models can be represented in the
.form of equations of a generalized Maxwellian liquid: differential (17", (17") [1] or equi-
valent integral (18), (19) [1]. 1In addition, only the first several terms of the general
equations (see [I]) are used for the tensor B, expressing it in terms of the deformation
rate and stress tensors. In equations for the scalars x and ¢, the complete system of invar-
iants of these tensors is also not used. In the case of a spectrum of relaxation times, each
relaxation oscillator is described by its own equation, i.e., there is no interaction between
relaxation oscillators (see «(3), (4), (9) ([1]). However, in the literature, there are a
number of integral models which cannot be represented in the form of equations of the gener-—
alized Maxwellian liquid. This is related to two factors: giving in (18), (19) [1] the de-
pendences of the quantities M, ¢ on the time t, and using, as a measure of the deformation,
tensors that do not have the multiplicative property (16) [1]. The first factor occurs in
the models in {[3-5], where the tensors w.(t, 1) = Fe(t) and wo (£, 1) = F_IE(T) and the func-

tions g (1), ¢o(t, 1) are used. In the Bog—White equations [3-5], the quantity ¢y depends on
t
the average value of the second invariant of the deformation rate tensor ?—L— Sllyzdz (a

¢ —T 3
1 P
__leiﬁlhﬂ dE is also proposed), and for [25], on |Hp () —

more complicated dependence ont

Ip (W)'/* . In the rheological Tanner—Simmons equation (2-5], 9{f, ©) =g, if I, (v} <CK%2 43, and
o (6 T)= 0 if I, (t)>K*-+-3 . The parameter K, determining the limiting deformation of the
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lattice, is interpreted as its strength. For the model in [3], %alt, T) =9, if #,>S(f), and
Pu(t, ) =0 1if %,<S({#) . The function S(t) depends on the past history of the deformation
and is related to the critical energy of breakdown of the spectrum. In BKZ type models [2-5],
to which the Tanner-Simmons equation is also related: @g= Qoaft(Ig,v), llcyr)}. In papers develop-
ing this line of thought, different equations are used for the function h. An even greater

t
complication is proposed in [26]: %, = fi, [IIp (), 11, (v), Ip ()], Qg = 1 S Fon Up (8), Tl (1), Tlp (B)] L.

— T,
20

In a number of papers (see [27]), it is proposed that @y = const and other tensors F be used
as measures of deformation. However, in these papers, only tensors that depend nonlinearly
on Ce(t) are proposed. In view of the isotropy of such a function, it can be represented in
the form F = hoE + hiCt (1) + hoCt’ (1), where ho, hi, h, depend ‘on Ig (1), ITg (7). Thus,
these models actually reduce to BKZ type models. The conditons under which the relaxational
and integral equations are equivalent for an arbitrary flow were established in [1]. However,
the rheological equations may turn out to be equivalent for certain types of flows. The pos-
sibility of such a situation must be foreseen in comparing the experimental data with calcu-
lations on rheological models of different types. Thus, for example, let us examine the mo-
tion with a commutative history [28]. For this motion, for each time t, there exists a con-
figuration * such that Fx(t) = Q(1)F(t) for all 1= t, where Q(r) is an orthogonal tensor,
F(t:)F(12) = F(12)F(t1). It is proved in [28] that then F(t) = exp[M(7)], where M(1.)M(t,) =
M(12)M(Ty). For such a flow, Ce(t) = Q{t) exp [M(t) + MT(t) — M(t) — MI(t)]QT(t), D(t) =
Q(t)M(t)QT (t), W(t) = Q(£)QT (v). Using these relations, it is not difficult to show that for
a commutative stretching flow,twhen M(t) = diagle,(t), ea(t), €a(t)], the rheological equationof

the BKZ type T= X T, To = | ¢u()exp|— | . (dE](CF (1) —E)dr is equivalent to (17') and (17")
I3 —o ' T

[1} with By = aD. (For simple stretching, the analogous result was obtained in [27].) 1In the
case of an arbitrary flow, these relaxational and integral equations are equivalent only with
a = +1. The kinematics of a commutative stretching flow is analyzed in [28]. The basic dis-
advantage of rheological models, not leading to equatioms of the generalized Maxwellian
liquid, is the fact that in the numerical solution of problems of hydrodynamics and heat
transfer, it is not possible to use the finite difference methods, traditionally used in

fluid mechanics. Computational methods are required in which the motion of separate liquid
particles is examined. This significant complication is related to the necessity of calcu-
lating the integrals along the trajectory of the fluid particles in calculating the stress
tensor. The possibility of writing many rheological models in the unified form of the equa-
tions of the generalized Maxwellian liquid shows the promise of further analysis of these
equations, in particular, taking into account a large number of terms in the expression for
the tensor B and the functions %, ¢ [1]. A unified form for writing many rheological equa-
tions also permits developing unified programs for numerical solution for problems in fluid
mechanics of a viscoelastic fluid. Comparing the results of calculations with experiment, it
is possible to choose for a given fluid a rheological equation, which would describe its be-
havior with nonstaticnary flow and complex flow geometry, and not only in simple viscosym-
metric situations. Carrying out numerical calculations of the same problems in rheodynamics
and heat transfer using rheological equations of state of different types will also permit
clarifying the importance of the difference between the hydrodynamic and thermal characteris-
tics, predicted by different models. Up to the present time, in view of the necessity for
developing computer programs, practically specially for each rheological equation of state,
such investigations have not been carried out. The numerical calculations of hydrodynamic
and heat problems, presented in the literature, were carried out for some specific rheologi-
cal model, chosen in a fairly arbitrary manner.
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